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Abstract
Activation of Bell nonlocality refers to the phenomenon that some entangled mixed states
that admit a local hidden variable model in the standard Bell scenario nevertheless reveal
their nonlocal nature in more exotic measurement scenarios. We present such a scenario
that involves broadcasting the local subsystems of a single-copy of a bipartite quantum state
to multiple parties, and use the scenario to study the nonlocal properties of the two-qubit
isotropic state:
ρα = α |Φ+〉〈Φ+|+ (1− α)1
4
.
We present two main results, considering that Nature allows for (i) the most general no-
signalling correlations, and (ii) the most general quantum correlations at the level of any hidden
variable theory. We show that the state does not admit a local hidden variable description for
α > 0.557 and α > 1
2
, in cases (i) and (ii) respectively, which in both cases provides a device-
independent certification of the entanglement of the state. These bounds are significantly
lower than the previously best-known bound of 0.6964 for both Bell nonlocality and device-
independent entanglement certification using a single copy of the state. Our results show that
strong examples of non-classicality are possible with a small number of resources.
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1 Overview
The discovery by John Bell that quantum theory cannot be reproduced by local hidden variables
(LHVs) is one of the most fascinating outcomes of modern physics and is made possible by the
strange nature of quantum correlations. More precisely, measurement outcomes arising from local
measurements made on entangled quantum systems exhibit correlations which provably forbid any
explanation in terms of LHVs [1, 2]. This phenomenon—termed Bell nonlocality—can be experi-
mentally witnessed via the violation of Bell inequalities: functions of the measurement statistics
that are bounded for LHV theories. Since Bell’s original theorem, many experiments have ob-
served Bell inequality violations, proving that Nature—quantum or otherwise—evades any LHV
description [2–7].
In order to observe Bell nonlocality one performs a Bell test. Here, a source produces a bipartite
quantum state that is sent to two separated devices, and a number of possible measurements are
performed locally on the state. To show Bell nonlocality one violates a Bell inequality, which proves
that the resulting statistics cannot be reproduced by a source of classical randomness, i.e. by LHVs.
This scenario, that we call the standard scenario, is shown in figure 1, left. In the standard scenario,
all pure entangled states violate a Bell inequality [8], however for mixed states the situation is more
subtle. Notably, there exist a large class of mixed entangled states—called Bell-local states—that
do not violate any Bell inequality, due to the explicit construction of LHV models that reproduce
the outcome statistics of all possible local measurements made on them [9–15].
For some time it was thus presumed that Bell-local states could not exhibit Bell nonlocal
behaviour. This intuition has since been proven wrong due to the phenomenon that is generally
known as the activation of Bell nonlocality [16–21]. Here, one subjects the quantum state to a
more complex measurement scenario, which is able to prove a lack of LHV description for some
(although still not all) states that are local in the standard scenario. Such scenarios typically come
in two flavours (see figure 1):
2
standard scenario single copy sequential scenairo multiple copy scenario
Figure 1: Scenarios for showing nonlocality of quantum states. Arrows in and out of boxes denote
measurement inputs and outputs. Left: the standard Bell scenario. centre: The single-copy
sequential scenario used to show ‘hidden nonlocality’. Here, at least one of the local subsystems
undergoes a time-ordered sequence of measurements. Right: the multiple-copy scenario. Many
copies of the state are prepared and joint measurements are made between the local subsystems
system.
1. single-copy sequential scenarios [17,21–23], where one makes a sequence of time-ordered
local measurements on a single copy of the state;
2. multiple-copy scenarios [16,18–20,24], where one prepares multiple copies of the state in
some network structure and makes joint measurements on the local subsystems.
Both scenarios are known to exhibit Bell nonlocality activation, although for generally different
classes of states. One state that is commonly studied is the two-qubit isotropic state:
ρα = α |Φ+〉〈Φ+|+ (1− α)1
4
, (1)
which can be seen as the result of passing one half of the two-qubit maximally entangled
state |Φ+〉 = 1√
2
[|00〉+ |11〉] through a depolarising channel with depolarising probability α. The
state is entangled for α > 1/3, and has a LHV model1 in the standard scenario if and only if
α ≤ 1/K3, where K3 is Grothendieck’s constant of order 3 [26, 27] and the best known bounds
are 0.683 < 1/K3 < 0.6964 [25, 28]; see figure 2, right. Several works have shown Bell nonlocality
activation of this state. In the multiple-copy scenario, it was first shown that activation is possible
for α > 0.64 [19, 20] by placing copies of the state in a star network topology, and later in the
entire range of entanglement [18] (extending [16]) by processing many copies in a parallel scheme.
In both cases one requires a large number of copies to reach a value of α smaller than 0.683 (for
example at least 21 states in [19]). In the single-copy sequential scenario, no example of activation
is known.
In this work, we introduce a new single-copy scenario—that we call the broadcasting scenario—
that leads to a form of Bell nonlocality activation. The scenario is inspired from the work [29],
where it was shown that such scenarios imply Bell inequalities that can outperform the CHSH Bell
inequality for some classes of states. The causal structure of this scenario is shown in figure 2, left.
The main idea is to map the bipartite state in question to a multipartite state via the application
of local transformations that broadcast the local systems to a number of additional parties. The
correlations arising from measurements made on the multipartite state then rule out the possibility
of a LHV description for the original bipartite state. Using this scenario, we show that one can
show a lack of LHV description of the state (1) for values α > 0.557. For α > 1√
3
≈ 0.577, we
are able to prove this via the construction of a simple Bell inequality tailored to the broadcasting
1This LHV model holds only for projective measurements, and so these examples of activation are relative to
projective measurements in the standard scenario. It is generally much harder to construct LHV models for POVM
measurements, although the state is known to have a LHV model for POVM measurements for α ≤ 0.4553 [25]. No
Bell inequality violation using POVMs is known below α = 1/K3 however, and it is generally believed that the true
value is significantly higher—if not equal to 1/K3.
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Figure 2: Left: the broadcasting scenario. One (or more) of the local systems is broadcast via the
application of a quantum channel, resulting in a multipartite state. Local measurements are then
performed on this state, and the resulting statistics are used to rule out a local hidden variable
description for the original bipartite state. Right: Bounds for for the two-qubit isotropic state
(1). In this work we give bounds for which the state does not have a LHV model in no-signalling
hidden variable theories (broadcast-nonlocal) and for which the entanglement of the state can be
certified device-independently.
scenario. We also study the class of two qubit states
ρα,θ = α|ψθ〉〈ψθ|+ (1− α)ρA ⊗ 1/2, (2)
where |ψθ〉 = 1√2 [cos θ |00〉 + sin θ |11〉] and ρA = TrB [|ψθ〉〈ψθ|]. By numerically optimising the
violation of our inequality, we obtain values α, θ for which ρα,θ is Bell nonlocal in the broadcast
scenario; see figure 4.
Our results hold under the assumption that any hidden variables used to describe the full exper-
iment obey the no-signalling principle, which is a common assumption in definitions of multipartite
nonlocality [30]. This is required because one needs to consider the possibility that the transfor-
mation device broadcasts additional hidden variables, which may not be LHVs, but may exhibit
nonlocal correlations (see also figure 3). Phrased more precisely, our examples of Bell nonlocality
prove that in any no-signalling hidden variable theory reproducing quantum theory, those variables
that describe the bipartite state in question cannot be LHVs. This is an interesting subtlety that
does not arise in the other scenarios of activation that we elaborate on in section 3.
Bell nonlocality is also closely linked to protocols of entanglement certification. In particular,
the observation of a Bell inequality violation immediately implies that the underlying quantum
state is entangled. Furthermore, since all that is required to observe a Bell inequality violation is
the output statistics of the experiment, this implies that entanglement can be certified even while
treating the local measurement devices as black boxes; a desirable property from both a practical
and cryptographic perspective. Such protocols are consequently called device-independent (DI),
and a proof of Bell nonlocality is a DI certification of the entanglement of the state. This property
carries over to the broadcasting scenario as well, and our results can equivalently be viewed as new
protocols for DI entanglement certification. Moreover, by assuming that the devices are limited
to preparing quantum resources—a standard assumption in DI entanglement certification—we are
able to DIly certify the entanglement of the state (1) for all α > 12 . This is significantly lower
than the best known bounds of 1/
√
2 (using CHSH) or 0.6964 [28] (using 90 local measurements
for each party) in the single copy regime, and we thus expect our results to be generally useful for
the design of DI protocols that can tolerate high levels of noise in the state.
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2 Preliminaries
We give here a brief recap of Bell’s theorem, Bell-nonlocal and Bell-local entangled states, Bell
nonlocality activation scenarios and DI certification. Readers that are familiar with these concepts
may want to skip to section 3.
2.1 Bell nonlocality
Consider two distant observers, called Alice and Bob, sharing a physical system described by
variable λ (which can be any mathematical object). Alice can interact with her part of the system
by performing different measurements, which we label by an integer: x = 0, 1, .... We also label the
possible outcomes with an integer a = 0, 1, ... 2. Similarly, Bob can perform measurements labelled
by y = 0, 1, ... and get outcomes b = 0, 1, .... Upon repeating the experiment many times, Alice
and Bob gain access to the joint statistics p(ab|xy), that is, the probability of obtaining outcomes
a and b, given inputs x and y. We call the joint statistics p(ab|xy) a behaviour.
We say that a behaviour p(ab|xy) is Bell-local if it admits the following decomposition
p(ab|xy) =
∫
Π(λ) pA(a|x, λ) pB(b|y, λ) dλ, (3)
where Π(λ) is a probability density function, and pA(a|x, λ), pB(b|y, λ) are probability distribu-
tions (for all x, y and λ). That is, the statistics can be explained by assuming the shared variable
λ—called a local hidden variable (LHV)—distributed with density Π(λ), and local probabilities
of obtaining outcomes a, respectively b, that are independent of distant choice of input y, respec-
tively x. A decomposition (3) is called a local hidden variable model (LHV model) of the behaviour
p(a, b|x, y), and captures those behaviours that can be reproduced using classical shared random-
ness alone. If a behaviour p(ab|xy) cannot be written in form (3), we say that it is Bell-nonlocal.
2.1.1 Bell’s theorem
Bell’s theorem states that quantum theory cannot be described by a LHV model; i.e. there exist
behaviours in quantum theory that are Bell-nonlocal. More precisely, let Alice and Bob share
an entangled quantum state ρ. Alice performs measurements from a set {Aa|x} (Aa|x ≥ 0 and∑
aAa|x = 1), and Bob performs a measurements from a set {Bb|y} (with similar conditions). The
resulting behaviour is given through the Born rule by
p(ab|xy) = Tr(Aa|x ⊗Bb|y ρ). (4)
Bell’s theorem states that there exist entangled states ρ and sets of local measurements Aa|x, Bb|y
such that the behaviour p(ab|xy) is Bell-nonlocal. This is typically shown with the use of a Bell
inequality ; a function on behaviours that is bounded for all LHV theories, but can be violated by
a quantum behaviour. We give a example below.
2.1.2 The CHSH inequality
The simplest Bell inequality is the CHSH inequality
〈A0B0〉+ 〈A0B1〉+ 〈A1B0〉 − 〈A1B1〉 ≤ 2 (5)
where correlators 〈AxBy〉 are defined as
2We consider a scenario with finitely many measurements and results for convenience, note however that the
analysis applies to continuous scenarios too
5
〈AxBy〉 = p(00|xy)− p(01|xy)− p(10|xy) + p(11|xy), (6)
that is, the expected value of the product A ·B, where A = +1 for a = 0 , A = −1 for a = 1, and
similarly for B.
In order to prove the bound of 2, note that since (5) is linear in the probabilities, it is enough
to consider only the extremal behaviours of the set (3). It is well known (see e.g. [2] section II.B.1)
that these behaviours take the form of deterministic distributions
p(ab|xy) = DA(a|x)DB(b|y) (7)
where DA(a|x) is a conditional probability distribution such that D(a|x) ∈ {0, 1} ∀a, x, and simi-
larly for DB .
For these behaviours it follows that 〈AxBy〉 = 〈Ax〉〈By〉, where
〈Ax〉 = DA(0|x)−DA(1|x), 〈By〉 = DB(0|y)−DB(1|y) (8)
and thus 〈Ax〉, 〈By〉 ∈ {−1, 1}. One may therefore rewrite the left-hand side of (5) as
〈A0〉
(
〈B0〉+ 〈B1〉
)
+ 〈A1〉
(
〈B0〉 − 〈B1〉
)
. (9)
Since we have 〈By〉 ∈ {−1, 1}, it follows that one of 〈B0〉±〈B1〉 is zero, and the bound of 2 follows.
Now, taking the state ρ = |Φ+〉 〈Φ+| , where |Φ+〉 = 1/√2(|00〉 + |11〉), and measurements in
direction σz, σx for Alice, σz + σx, σz − σx for Bob, a textbook calculation finds
〈A0B0〉+ 〈A0B1〉+ 〈A1B0〉 − 〈A1B1〉 = 4 · 1/
√
2 = 2
√
2. (10)
Ensuring that the underlying behaviour cannot be reproduced by any LHV model.
2.1.3 Bell-local quantum states
A quantum state that is capable of producing Bell-nonlocal behaviours is said to be a Bell-nonlocal
state. It is easy to see that such states must be entangled. Consider a generic separable state:
ρ =
∫
Π(λ)σAλ ⊗ σBλ dλ. (11)
Performing local measurements on this state leads to
p(ab|xy) =
∫
Π(λ) Tr(Aa|xσAλ ) Tr(Bb|yσ
B
λ )dλ (12)
which is of the form (3) and therefore admits a LHV model. A natural question is thus: is every
entangled state Bell nonlocal?
This question was first posed by Werner and answered in the negative [9]. Werner presented
a class of entangled mixed states—now known as Werner states—and proved that all behaviours
arising from local projective measurements on the states admit a LHV model. This was later
extended to a model for all POVM measurement by Barrett [10], and later extended to other
classes of entangled states [12–15,31,32]. Such states are known as Bell-local states.
The archetypal example of a Bell-local state is the two-qubit isotropic state
ρα = α |Φ+〉〈Φ+|+ (1− α)1
4
. (13)
which is local unitary equivalent to a two-qubit Werner state. This state is entangled for α > 13
and known to be Bell-local for projective measurements for α ≤ 0.683. For POVM measurements,
the state is known to be Bell-local for α ≤ 0.4553 [25], although no example of Bell nonlocality for
α < 0.683 using POVM measurements is known and this bound is thus not expected to be tight.
The state is known to be Bell nonlocal for p > 0.6964 [28] (see also figure 2).
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2.1.4 Activation of Bell nonlocality
Some years after the result of Werner it was noticed that by subjecting some Bell-local quantum
states to more complex measurement procedures, one could nevertheless prove a lack of LHV
description of the state. This phenomenon is generally known as Bell nonlocality activation. The
known examples of Bell nonlocality activation can be grouped into two scenarios.
The first group we call the single-copy sequential scenario. Here, one performs sequences of
measurements on the local subsystems, which obey a time-ordered causal structure (see [22] for a
detailed discussion of these scenarios). The first example of Bell nonlocality activation, shown by
Popescu, belongs to this scenario and is known as hidden nonlocality. Here, the parties apply local
filters to ρ, that is, a local stochastic quantum channel given by the Kraus operators KA,KB , such
that the state
KA ⊗KB ρ K†A ⊗K†B
Tr[KA ⊗KB ρ K†A ⊗K†B ]
(14)
violates a Bell inequality. This stochastic map can be realised by performing local measurements
with measurement operators {K†AKA,1 −K†AKA} and {K†BKB ,1 −K†BKB}, where one obtains
the state (14) upon obtaining the first outcomes of each measurement. One can then perform the
measurements that violate the Bell inequality in a second measurement round, where the violation
will be observed given the correct outputs in the first measurement round. In this way, hidden
nonlocality can be seen as a subset of the possible strategies in the sequential scenario, where the
Bell inequality violation from the latter measurements in the sequence precludes the existence of a
LHV model for the full sequence. Popescu’s method was able to activate a subset of Werner states
of local dimension greater than 5 that are Bell-local for all projective measurements. This result
was later strengthened by Hirsch et. al. [21] to apply to POVM-local states, and then by Bowles
et. al. [23] to the general multipartite scenario. Other notable examples of hidden nonlocality can
be found in [33–37]. To date, all known examples of activation in the single-copy regime can be
understood as hidden nonlocality, and it is an open question whether stronger results are possible
by exploiting the full sequential structure. It is know however that there exist entangled states that
do not have hidden nonlocality [38]. In particular, the isotropic state (13) was shown to display
no hidden nonlocality for α ≤ 0.36. In fact, no example of Bell nonlocality activation is known for
this state in the single-copy regime, even considering arbitrary sequences of measurements.
The second scenario for Bell nonlocality activation we call the multiple-copy scenario. Here, one
proves a lack of LHV description for a state by performing measurements on more than one copy of
the state and exploiting the possibility to make joint measurements between the local subsystems
of each copy. The usefulness of using multiple copies of a state in the context of entanglement
theory was first pointed out by Peres [39], who showed that N copies of some entangled state ρ
can be distilled, i.e. transformed to n < N copies of state ρ′, which has more entanglement that
ρ. With respect to nonlocality, it was shown that processing many copies of a state can increase
CHSH violation [40]. It was later proved that there exist states ρ not violating CHSH, such that
ρ⊗ ρ does violate it [41].
The first examples of multiple-copy activation were given by Aditi et. al. [19] and Cavalcanti
et. al. [20], where one arranges the multiple copies of the state in a star-shaped network. Using
this method, one can show activation of the state (13) for α > 0.64. A later breakthrough in the
activation of nonlocality in the multiple-copy scenario was made by Palazuelos [16], who showed
examples of Bell nonlocality activation by processing many copies of a state in parallel (as in figure
1). Building on Palazuelos’ result, a criterion for activation of nonlocality in the same scenario
was exhibited in [18]. Namely, all states useful for teleportation (or equivalently states with an
entanglement fraction > 1/d, where d is the local Hilbert space dimension) can be activated in
the multiple-copy regime. Applied to the state (13), these examples prove that the state can be
activated in the entire range of entanglement.
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Figure 3: The causal model corresponding to the simplest broadcasting scenario. A source S
produces a bipartite system, one half of which is sent through a transformation T that broadcasts
it to two separated parties. Measurements labelled x, y, z with outcomes a, b, c are preformed on
the resulting tripartite system. The resulting behaviour p(a, b, c|x, y, z) is then used to rule out a
local hidden variable description of the source.
We note that by combining the sequential and multiple-copy scenarios, one can show Bell
nonlocality activation of any state that is distallable. This follows from two facts: (i) The existence
of an entanglement distillation protocol implies a local stochastic map that maps multiple copies
of the state arbitrarily close to the maximally entangled state of two qubits; (ii) The maximally
entangled state violates the CHSH Bell inequality and so the multiple-copy state exhibits hidden
nonlocality. In particular, since all entangled two-qubit states are distallable, this implies all such
states exhibit Bell nonlocality in the multiple-copy sequential scenario.
2.2 Device-independent entanglement certification
Bell nonlocality is closely linked to protocols of DI entanglement certification [42–46]. From (12),
it follows that separable states always lead to Bell-local correlations. The observation of a be-
haviour p(ab|xy) that is Bell-nonlocal therefore implies that the underlying state is entangled.
Bell nonlocality can thus be used as a means for entanglement certification which furthermore is
device-independent since the measurement devices can be treated as black boxes. Bell nonlocal-
ity activation also directly implies a protocol for DI entanglement certification of the underlying
state, since separable states cannot exhibit activation. As a result the best known bounds for
DI entanglement certification of bipartite entangled states coincide with the best bounds for Bell
nonlocality activation. In the single-copy regime, this means that DI entanglement certification of
the isotropic state (13) is possible for α > 0.6964 [28]. In section 5 we show how one can in fact
go beyond these bounds exploiting the quantum structure of the experiment.
3 The broadcasting scenario
We now present the broadcasting scenario, focusing on the specific scenario of figure 3 for clarity.
A source, denoted S, produces a bipartite system. One of these systems undergoes a transfor-
mation, denoted T , that broadcasts this system to a number of additional parties (in this case,
two). Classical inputs x, y, z are given to the parties (called Alice, Bob and Charlie), that return
outcomes a, b, c, resulting in the behaviour p(abc|xyz). In the quantum mechanical setting, the
source corresponds to some bipartite quantum state ρAB0 , and the transformation to a completely
positive trace preserving (CPTP) quantum channel ΩB0→BC that enlarges the B0 space to a tensor
product space of B, C. The resulting tripartite state is thus
ρABC = 1⊗ ΩB0→BC [ρAB0 ]. (15)
The final behaviour obtained by making local measurements on this state is
p(abc|xyz) = Tr(Aa|x ⊗Bb|y ⊗ Cc|z ρABC). (16)
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The question we pose is the following. Can the behaviour (16) be explained by replacing the state
ρAB0 with local hidden variables? A negative reply to this question would imply a type of Bell
nonlocality of the state ρAB0 .
To this end we consider again the causal structure of figure 3, where the source produced LHVs
λ distributed with density Π(λ). Alice’s outcome is governed by a local response function p(a|xλ).
The transformation device receives λ and sends some system τλ to Bob and Charlie that they use
to produce outcomes according to the joint probability distribution pBC(bc|yz, τλ). The behaviour
therefore admits a decomposition
p(abc|xyz) =
∫
Π(λ) pA(a|x, λ) pBC(bc|yz, τλ) dλ. (17)
At this point, one arrives at a subtlety. Namely, what constraints does one put on the distribution
pBC(bc|yz, τλ)? Equivalently, what systems τλ can the transformation device prepare?
One natural option is to demand that, like the source, the transformation device produce
another LHV λ′ that depends on λ to send to Bob and Charlie. That is, τλ is a LHV λ′(λ) and
pBC(bc|yz, τλ) therefore factorises as pB(b|y, λ′(λ))pC(c|z, λ(λ′)), leading to3
p(abc|xyz) =
∫
Π(λ) pA(a|x, λ) pB(b|y, λ′(λ))pC(c|z, λ′(λ)) dλ (18)
=
∫
Π(λ) pA(a|x, λ) p˜B(b|y, λ)p˜C(c|z, λ)) dλ. (19)
Note that this is simply the standard definition of Bell nonlocality for a three-party scenario.
Suppose now that one sees a violation of (19). This implies Bell nonlocality somewhere due to
a lack of LHV model for the three parties. The problem, however, is that one cannot conclude
that this nonlocality originated from the original state ρAB0 . Consider for instance the following
experiment. The source prepares a state ρAB0 , however the transformation device ignores the B0
subsystem and instead creates a fresh maximally entangled state which it sends to Bob and Charlie
(i.e. if B0 is a qubit space, the Kraus operators for the channel are |Φ+〉〈0| and |Φ+〉〈1|). Bob and
Charlie now hold a maximally entangled state and can violate the CHSH inequality. The resulting
behaviour will not admit a decomposition (19) regardless of what Alice measures. This will be the
case for any choice of ρAB0 , including separable ρAB0 . Thus, although a violation of (19) implies
some Bell nonlocality, one cannot rule out a LHV description of ρAB0 , since the nonlocality may
have originated from the transformation device alone.
To make a statement about ρAB0 , we thus need to consider models that rule out the above
possibility. To do this, we allow the systems τλ to be arbitrary non-signalling resources, so that the
distribution pBC(bc|yz, τλ) is any normalised joint conditional probability distribution that obeys
the no-signalling constraints:∑
b
pBC(bc|yz, τλ) =
∑
b
pBC(bc|y′z, τλ) ∀y, y′, c, z, τλ, (20)∑
c
pBC(bc|yz, τλ) =
∑
c
pBC(bc|yz′, τλ) ∀z, z′, b, y, τλ. (21)
Thus, the full distribution can be decomposed
p(abc|xyz) =
∫
Π(λ) pA(a|x, λ) pNSBC(bc|yz, λ) dλ. (22)
3Note that we have assumed that λ′ is a deterministic function of λ. In principle, the transformation device
could act stochastically and produce a new LHV λ′ conditioned on λ described by some conditional probability
distribution q(λ′|λ). By defining a new LHV µ = (λ, λ′) distributed with density Π(λ)q(λ′|λ), this in-determinism
can be absorbed by the source, so that the distribution admits the decomposition (19) with λ replaced by µ. Thus,
the form (19) is general.
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where the pNSBC(b, c|y, z, λ) are arbitrary non-signalling distributions satisfying (20), (21) between
Bob and Charlie, for each value λ. Note that now any violation of (22) cannot originate from
the transformation device alone, so long as it produces non-signalling resources (as is the case for
quantum theory and the majority of GPT theories). One can thus make the following statement.
In any no-signalling hidden variable theory reproducing quantum theory, a violation of (22)
implies that those variables describing the state ρAB0 cannot be LHVs, i.e. the state ρAB0 is Bell
nonlocal.
We thus take the set of behaviours admitting a decomposition (22) as our analogue of the
local set in the broadcasting scenario. If a state leads to behaviours that violate (22), we say it is
broadcast-nonlocal.
An alternative possibility to the above is to demand that the systems τλ be quantum systems
of arbitrary dimension. Following the same logic, the set of behaviours that are compatible with a
source of LHVs is
p(abc|xyz) =
∫
Π(λ) pA(a|x, λ) pQBC(bc|yz, λ) dλ, (23)
where the behaviours pQBC(bc|yz, λ) are in the set of quantum correlations (a subset of the no-
signalling set of correlations). This is less in the spirit of Bell nonlocality, since one assumes a
quantum structure of the experiment. However, it is precisely the assumption one makes in DI
entanglement certification. In section 5 we elaborate of this idea and show how this leads to the
construction of DI entanglement witnesses tailored to the broadcasting scenario. In the following
section we focus on broadcast-nonlocality of the isotropic state.
4 Activation of two-qubit states
We now study Bell nonlocality activation of the isotropic state (13) in the broadcasting scenario.
As a main result, we show analytically that the state is broadcast-nonlocal for α > 1/
√
3. A
slightly lower value of α = 0.557 was found numerically using convex optimisation methods: see
section 6 and B for more details.
4.1 Simple inequality for three parties
To prove our results, we construct a correlation inequality that is satisfied by all behaviours ad-
mitting a decomposition (22). Consider a scenario in which Alice has 3 inputs x = 0, 1, 2, and Bob
and Charlie both have 2 inputs y = 0, 1, z = 0, 1. All outcomes are dichotomic with a, b, c = ±1.
Define the three body correlators
〈AxByCz〉 =
∑
a,b,c=±1
abc p(abc|xyz), (24)
the two body correlators for Alice and Bob
〈AxBy〉 =
∑
a,b=±1
ab p(ab|xy) (25)
(and similarly for other pairs of parties), and the single body correlators for Alice
〈Ax〉 =
∑
a=±1
a p(a|x) (26)
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(and similarly for Bob and Charlie). The inequality reads
I = 〈A0B0C0〉+ 〈A0B1C1〉+ 〈A1B1C1〉 − 〈A1B0C0〉
+ 〈A0B0C1〉+ 〈A0B1C0〉+ 〈A1B0C1〉 − 〈A1B1C0〉
− 2〈A2B0〉+ 2〈A2B1〉 ≤ 4. (27)
We first prove the bound of 4 for behaviours (22).
Proof. Since (27) is linear in the probabilities, we can restrict ourselves to extremal points of the
set (22). These points take the form
p(abc|xyz) = D(a|x)P (bc|yz) (28)
where D is a deterministic behaviour such that D(a|x) ∈ {0, 1} ∀a, x, and P is an extremal
behaviour of the 2 parties, 2 inputs, 2 outputs scenario. For the points (28), it follows that the
three body correlators factorise
〈AxByCz〉 = 〈Ax〉〈ByCz〉. (29)
We thus have
I =
(
〈A0〉 − 〈A1〉
)(
〈B0C0〉+ 〈B1C0〉
)
+
(
〈A0〉+ 〈A1〉
)(
〈B0C1〉+ 〈B1C1〉
)
+ 2〈A2〉
(
〈B1〉 − 〈B0〉
)
. (30)
Since Alice’s strategy is deterministic, one has 〈Ax〉 = ±1 and thus either the first or the second
term of the above must be equal to zero. Due to the symmetry of the inequality, we can take this
to be the second term without loss of generality. Using |〈Ax〉| ≤ 1 we thus have
I ≤ 2|〈B0C0〉+ 〈B1C0〉|+ 2|〈B1〉 − 〈B0〉|. (31)
We now consider the extremal behaviours P (bc|yz) for Bob and Charlie. These are known to be
of two types [47]: (i) local deterministic behaviours and (ii) local relabellings of the PR box. In
case (i), the correlators 〈ByCz〉 factorise as 〈By〉〈Cz〉 and one has
I ≤ 2|(〈B0〉+ 〈B1〉)〈C0〉|+ 2|〈B1〉 − 〈B0〉| ≤ 4 (32)
since either 〈B0〉 + 〈B1〉 or 〈B0〉 − 〈B1〉 is zero. In case (ii), since the PR box is such that
〈B0〉 = 〈B1〉 = 0, from (31) one also obtains the bound 4.
4.1.1 Quantum violation
The inequality (27) can be violated by the isotropic state (13). Let Alice measure the triple of
anti-commuting qubit observables
A0 = σz, A1 = σx, A2 = σy. (33)
Charlie and Bob measure the observables
C0 = σz, C1 = σx,
B0 = cos(φ)σx + sin(φ)σy, B1 = cos(φ)σx − cos(φ)σy,
(34)
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Figure 4: Critical value of the visibility α above which the state (39) is broadcast-nonlocal (blue
line), and Bell nonlocal using the CHSH inequality in the standard scenario (red line). The blue
curve was obtained by numerically optimising the violation of inequality (27).
with tan(φ) = 1/
√
2. The channel ΩB0→BC is an isometry given by
U = |ψ0〉 〈0|+ |ψ1〉 〈1| (35)
with
|ψ0〉 = sinβ
∣∣Φ−〉+ cosβ ∣∣Ψ+〉 (36)
|ψ1〉 = − cosβ
∣∣Φ−〉+ sinβ ∣∣Ψ+〉 , (37)
and where |Φ−〉, |Ψ+〉 are the usual Bell states and β = pi/8. Taking the isotropic state, one finds
via direct calculation that
I = α 4
√
3. (38)
Thus, for α > 1/
√
3 one obtains a violation.
We have also investigated the violation of inequality (27) for the larger class of two-qubit states
ρα,θ = α|ψθ〉〈ψθ|+ (1− α)ρA ⊗ 1/4, (39)
where |ψθ〉 = 1√2 [cos θ |00〉+sin θ |11〉] and ρA = TrB [|ψθ〉〈ψθ|]. This state is entangled for α > 1/3
for all θ > 0. As with the isotropic state, the inequality allows for lower visibilities than the CHSH
inequality for all values of θ, see figure 4.
4.2 Symmetric four-partite inequality
One can also obtain activation of the isotropic state in the same range as above in a symmetric
scenario where one applies a channel to both local subsystems resulting in a 4-partite state ρABCD
(see figure 5), and each party has two inputs. Following the same logic as before, the relevant
behaviours are now of the form
p(abcd|xyzw) =
∫
Π(λ) pNSAB(a, b|x, y, λ) pNSCD(c, d|z, w, λ) dλ. (40)
Where pNSAB and p
NS
CD are non-signalling distributions. The inequality then reads
I = 〈A0B0C0D0〉+ 〈A0B0C1D0〉+ 〈A0B1C0D0〉+ 〈A0B1C1D0〉+
−〈A1B0C0D0〉+ 〈A1B0C1D0〉 − 〈A1B1C0D0〉+ 〈A1B1C1D0〉−
2〈B0D1〉+ 2〈B1D1〉 ≤ 4. (41)
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Figure 5: A four-partite broadcast scenario. Transformations are applied to both subsystems of
the source.
We first derive the bound of 4.
Proof. We again may focus on extremal behaviours of the set (41). Since the extremal points of
non-signalling behaviours for 2 inputs and 2 outputs are either local deterministic distributions,
or symmetries of the PR box behaviour [47], the extremal behaviours of the set (41) can be
grouped into three groups: (i) All parties have local deterministic outcomes, (ii) A and B have
local deterministic outcomes, and C and D share a PR box (or vice-versa) and (iii) Both A and B,
and C and D share a PR box. In all cases, the full body correlators factorise as
〈AxByCzDw〉 = 〈AxBy〉〈CzDw〉. (42)
We thus write (41) as
I =
(
〈A0B0〉+ 〈A0B1〉
)(
〈C1D0〉+ 〈C0D0〉
)
+
(
〈A1B0〉+ 〈A1B1〉
)(
〈C1D0〉 − 〈C0D0〉
)
− 2
(
[〈B1〉 − 〈B0〉]〈D1〉
)
. (43)
Consider the final term of the inequality. This term is non-zero if any only if neither pair uses a
PR box and 〈B0〉 = −〈B1〉. In this case, since A and B use a deterministic strategy, one has
〈A0B0〉+ 〈A0B1〉 = 〈A0〉(〈B0〉+ 〈B1〉) = 0 (44)
and so the first term of (43) is zero (and similarly for the second term). Thus one obtains the
bound 4. For all other cases, the final term of (43) is zero and we can focus on the first two terms.
Here, it follows that for all strategies of C and D either 〈C1D0〉+ 〈C0D0〉 or 〈C1D0〉 − 〈C0D0〉 is
zero, and again one obtains I ≤ 4.
4.2.1 Quantum violation
Again we consider the isotropic state (13). The two local channels applied to the state are identical
and are again given by (35). Alice and Bob’s local observables are
A0 = σx, A1 = σz, B0 = (σx + σy + σz)/
√
3, B1 = (σx − σy + σz)/
√
3. (45)
Charlie’s and Bob’s local observables are
C0 = σx, C1 = σz, D0 = σx, D1 = σy. (46)
Using this strategy, each of the 12 terms in (41) is equal to ±α/√3, and I = 12α/√3 = 4α·3/√3 =
4α
√
3, thus leading to activation for α > 1
√
3.
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5 Device-independent entanglement certification in the broad-
casting scenario
In DI entanglement certification, one aims at certifying the entanglement of the state in an ex-
periment based solely on the observation of the experimental statistics. Here, we show how the
broadcasting scenario can be used to design protocols for DI entanglement certification. To do this
we consider the four-partite scenario of figure 5. To achieve a DI certification of entanglement,
one needs to show that the correlations are incompatible with the source producing any separable
state, that is, one must show that the correlations are incompatible with the causal network of
figure 5, where the source is replaced by a separable state.
Consider an arbitrary separable state
ρSEP =
∫
dλΠ(λ)σA0λ ⊗ σC0λ . (47)
Following the local transformations, the most general four-partite state than one can obtain from
this state is of the form
ρABCD =
∫
dλΠ(λ)σABλ ⊗ σCDλ (48)
where σABλ = ΩA0→AB [σ
B0
λ ] and σ
CD
λ = ΩC0→CD[σ
C0
λ ]. Performing local measurements on this
state thus leads to behaviours of the form
p(abcd|xyzw) = Tr [ρABCDAa|x ⊗Bb|y ⊗ Cc|z ⊗Dd|w] (49)
=
∫
Π(λ) Tr
[
σABλ Aa|x ⊗Bb|y
]
Tr
[
σCDλ Cc|z ⊗Dd|w
]
(50)
=
∫
Π(λ) pQAB(ab|xyλ) pQCD(cd|zwλ) dλ, (51)
where pQAB , p
Q
CD are arbitrary quantum behaviours. Thus the possible correlations correspond
to those that can be obtained by a general four-partite state ρAB|CD (of arbitrary dimension),
that is separable with respect to the bipartition AB vs CD. Thus, if we consider an expression
I[p(abcd|xyzw)] in this scenario and define β the maximum value obtained by biseperable states
(48), a violation of the inequality I[p(abcd|xyzw)] ≤ β certifies that the state ρAC is entangled in
a DI manner.
5.1 Entanglement certification of isotropic states
We now apply this reasoning to the isotropic state, where we show that DI entanglement certi-
fication is possible for α > 1/2. The expression we will use is the four-partite Klyshko-Belinskii
expression [48,49]:
I = 2− 32
∑
~x∈{0,1}4
cos
[pi
4
(2|~x| − 3)
]
〈Ax1Bx2Cx3Dx4〉 (52)
where |~x| = ∑4i=1 xi. The bound I ≤ 1 for LHV theories is a well known Bell inequality in the
standard four-party Bell scenario. The maximum quantum violation of the expression is 23/2 and
is achieved by the four-partite GHZ state
|GHZ〉 = 1√
2
(|0000〉+ |1111〉) (53)
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and measurements observables that lie in the x−y plane of the Bloch sphere for each of the parties.
In [50] (using [51]), it was proven that the k-producible bound of the inequality—the maximum
possible value obtainable by states that contain entanglement between at most k parties—is given
by I ≤ 2(k−1)/2. Note that the state (48) is 2-producible, since there are at most two parties
entangled. Thus, a violation of the inequality I ≤ 21/2 is a DI entanglement certification of ρA0C0
and (52) can be used as a DI entanglement witness in the broadcasting scenario.
Now, take the local channels in figure 5 to be isometries given by
U = |00〉〈0|+ |11〉〈0|. (54)
We this choice, and taking ρA0C0 to be the isotropic state we obtain
ρABCD = α|GHZ〉〈GHZ|+ 1
4
(1− α) [|0000〉〈0000|+ |0011〉〈0011|+ |1100〉〈1100|+ |1111〉〈1111|] . (55)
We now perform the measurements that give the maximum violation of I for the GHZ state. Note
that the second term in the state will contribute zero to I since it is diagonal in the z basis, and
the measurements are chosen in the x− y plane. One therefore obtains the value α · 23/2, and has
a DI certification of entanglement for
α · 23/2 > 21/2, (56)
that is, for α > 1/2. We suspect that further investigation into the biseparable bounds of known
Bell inequalities could lead to even stronger examples.
6 Numerical methods
Here we outline two numerical methods that allow one to tackle the problem of testing compatibility
with the causal networks considered in the previous sections. In the case of section 4, this can be
achieved via a linear program. For section 5, one can use semi-definite programming methods to
define a relaxation to the problem that in practice can give good results.
6.1 Linear programming methods
Let us consider again the set of behaviours defined in (22):
p(abc|xyz) =
∫
Π(λ) pA(a|x, λ) pNSBC(bc|yz, λ) dλ, (57)
and denote by LNS the set of behaviours admitting the above decomposition. It is well known
(see e.g. [2]) that the sets of distributions pA(a|x, λ) and pNSBC(bc|yz, λ) are both convex and have
a finite number of extremal elements, that is, they are convex polytopes. Denote these extremal
elements by {DA(a|x, i)}i and {EBC(bc|yz, j)}j where i and j index the elements. In this scenario,
these elements correspond to deterministic behaviours for Alice, and the extremal behaviours of
the no-signalling polytope for Bob and Charlie. Thus, there always exist non-negative weights
q(i|λ), w(j|λ) such that ∑i q(i|λ) = ∑j w(j|λ) = 1 such that
pA(a|x, λ) =
∑
i
q(i|λ)DA(a|x, i), pNSBC(bc|yz, λ) =
∑
j
w(j|λ)EBC(bc|yz, j). (58)
Substituting this in (57) we find
p(abc|xyz) =
∑
i,j
pij DA(a|x, i) EBC(bc|yz, j), (59)
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where pij =
∫
Π(λ)q(i|λ)w(j|λ)dλ. Hence, since the distributions DA and EBC are fixed, the
problem of deciding membership in LNS is equivalent to finding positive numbers pij such that
the above is satisfied. Moreover, since the above expression is linear in pij this can be cast as a
linear programming instance, i.e., one solves the linear program
find pij ≥ 0 such that (60)
p(abc|xyz) =
∑
i,j
pij DA(a|x, i) EBC(bc|yz, j) ∀a, b, c, x, y, z.
If the behaviour is found to be outside of LNS , the dual of the optimisation returns a corresponding
separating hyperplane that one can interpret as a generalised Bell inequality for the broadcasting
scenario.
In practice, one is limited to scenarios in which the number of optimisation variables pij can
be stored in memory. Since the number of extremal distributions increases exponentially in the
number of each input, this means that (60) can become intractable for relatively simple scenarios.
One method to partly overcome this, is to use the fact the distributions pNSBC(bc|yz, λ) ∈ PNS have
a linear characterisation, given in (20), (21). That is
pNSBC(bc|yz, λ) ∈ PNS ⇐⇒
∑
b
pNSBC(bc|yz, λ) =
∑
b
pNSBC(bc|y′z, λ) ∀y, y′, c, z, λ, (61)∑
c
pNSBC(bc|yz, λ) =
∑
c
pNSBC(bc|yz′, λ) ∀z, z′, b, y, λ. (62)
If in (57) we replace pA(a|x, λ) only (through (58)) then we find
p(abc|xyz) =
∑
i
DA(a|x, i)
[∫
Π(λ)q(i|λ) pNSBC(bc|yz, λ) dλ
]
=
∑
i
DA(a|x, i) p˜NSBC(bc|yz, i), (63)
where p˜NSBC(bc|yz, i) is a sub-normalised non-signalling distribution with normalisation
∫
Π(λ)q(i|λ)dλ
that is the same for all y, z, and p˜NSBC(bc|yz, i) ∈ PNS since it still satisfies the constraints (20), (21).
One can therefore also test membership in (57) with an equivalent LP by treating the distributions
p˜NSBC(bc|yz, i) as optimisation variables:
find p˜NSBC(bc|yz, i) ≥ 0 such that
p(abc|xyz) =
∑
i
DA(a|x, i)p˜NSBC(bc|yz, i), ∀a, b, c, x, y, z;
p˜NSBC(bc|yz, i) ∈ PNS ∀i,
∑
bc
p˜NSBC(bc|yz, i) =
∑
bc
p˜NSBC(bc|y′z′, i) ∀y, z, y′, z′, i. (64)
The number of optimisation variables now scales with the number of extremal elements of Alice’s
distribution, at the expense of introducing a similar number of constraints to the optimisation. In
practice, this requires less memory than (60) and allows one to tackle significantly larger scenarios.
Both linear programs can be applied to the causal structure of figure 5 (or scenarios with any
number of parties) by decomposing the relevant distributions as convex mixtures of their extremal
elements in a similar fashion. One can also define closely related linear programs to calculate
the robustness to noise to the set LNS given a state with a linear noise parameter, and fixed
measurements and channel(s); see Appendix A.
6.2 Semi-definite programming hierarchy for entanglement certification
Here we wish to tackle membership in scenarios where the transformation device prepares quantum
systems. The approach we present is applicable to the scenario of figure 3. Denote by LQ the set
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of relevant behaviours obtainable via a separable state:
p(abc|xyz) =
∫
Π(λ) pA(a|x, λ) pQBC(bc|yz, λ) dλ, (65)
where we have written pA(a|x, λ) rather than Tr[Aa|xσAλ ] since any distribution can be obtained
with a suitable choice of σAλ and Aa|x. Denote by Q the set of quantum distributions pQBC(bc|yz, λ).
Unlike LNS , the set Q has an infinite number of extremal points, and the same approach as above
is not possible. We may however do the following. Similarly to (63), replace pA(a|x, λ) via (58) to
obtain
p(abc|xyz) =
∑
i
DA(a|x, i)[
∫
Π(λ)q(i|λ) pQBC(bc|yz, λ)dλ]
=
∑
i
DA(a|x, i) p˜QBC(bc|yz, i), (66)
where since Q is convex, p˜QBC(bc|yz, i) is a sub-normalised distribution of Q, with normalisation∫
Π(λ)q(i|λ)dλ independent of y, z. Denote the set of un-normalised distributions of Q by Q˜. A
solution to the membership problem is thus given by
find p˜QBC(bc|yz, i) such that
p(abc|xyz) =
∑
i
DA(a|x, i) p˜QBC(bc|yz, i)
p˜QBC(bc|yz, i) ∈ Q˜ ∀i,
∑
bc
p˜QBC(bc|yz, i) =
∑
bc
p˜QBC(bc|y′z′, i) ∀y, z, y′, z′, i. (67)
This optimisation is thought to be hard, since no efficient characterisation of the set Q˜ is known.
However, it is known that the set Q can be characterised from the outside by a sequence of
semi-definite programs, known as the NPA hierarchy [52]. Formally, one defines a sequence of
sets Qk such that Q1 ⊇ Q2 ⊇ · · · ⊇ Q∞ ⊇ Q where membership in Qk for any finite k can be
tested via an (increasingly large) semi-definite program. This amounts to checking if a matrix Γ—
which is a linear function of the probabilities—is positive semi-definite, and where the constraint
Γ00 = 1 defines the normalisation of the distributions in the set. If one replaces this normalisation
constraint by a positivity constraint Γ00 ≥ 0, one obtains an analogous hierarchy for un-normalised
distributions, whose sets we denote Q˜k. One can thus relax the problem (67) by relaxing the
condition p˜QBC(bc|yz, i) ∈ Q˜ to p˜QBC(bc|yz, i) ∈ Q˜k for some k:
find p˜QBC(bc|yz, i) such that
p(abc|xyz) =
∑
i
DA(a|x, i) p˜QBC(bc|yz, i)
p˜QBC(bc|yz, i) ∈ Q˜k ∀i,
∑
bc
p˜QBC(bc|yz, i) =
∑
bc
p˜QBC(bc|y′z′, i) ∀y, z, y′, z′, i. (68)
This problem now has only linear and positive semi-definite constraints and can be solved via a
semi-definite program. Since the problem is a relaxation, if this semi-definite program is found to
be infeasible, this implies p(abc|xyz) /∈ LQ, and so the state is entangled. As before, in the case of
infeasibility, the dual optimisation problem (also a semi-definite program), provides a separating
hyperplane that can be understood as a DI entanglement witness.
7 Discussion
We have shown that the broadcasting scenario allows for a strong form of Bell nonlocality and
DI entanglement certification for a large class of two-qubit states. It is desirable to know the
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limits of this method. For example, for which values of α is the isotropic state broadcast nonlocal,
and is this the entire range of entanglement? For the analogous question for DI entanglement
certification, we have shown promising results that suggest this may be the case, and it would
be interesting to pursue this further. In both cases, the connection between multipartite Bell
inequalities and the broadcasting scenario may be useful, as was the case in section 5 that makes
use of the Mermin inequality. Note that a straightforward application of the Mermin inequality
to section 4 will fail, since the correlations that maximally violate the inequality can be simulated
by a non-signalling resources that are product with respect to any bipartition [53]. Another line
of investigation could involve generalising the broadcasting scenario so that transformation device
has an input and output, which we have not investigated in this work.
One could also consider other resources than non-signalling resources in the definition of
broadcast-nonlocality (equation 22), as is done in the study of multipartite non-locality [30, 54].
One possibility is to allow the local parties after the transformation to use signalling resources
instead of non-signalling resources, although this is known to cause problems in multipartite sce-
narios [30]. Note that this effectively means the local parties can be considered as a single party
(since they can communicate) and so this renders the broadcasting scenario equivalent to the stan-
dard Bell scenario in which the transformation and local parties’ measurements is equivalent to
performing a POVM measurement on the original bipartite state. A more interesting possibility
would be to consider the one-way signalling resources (see [54,55]), which avoid the logical problems
that arise with general signalling resources. In this case, we have not established if our examples
of activation still hold.
The examples of Bell nonlocality activation of the isotropic state in section 4 are relative
to projective measurements, since for α ≤ 0.683 the isotropic state is known to have a LHV
model for projective measurements. Since it is unknown whether a model for general (POVM)
measurements exists in the same range, a natural question is whether an example of ‘genuine’
activation with respect to POVM measurements can be achieved in the broadcasting scenario.
This is in fact possible by leveraging a previously known result of genuine hidden nonlocality [21],
in which it is shown that there exists a family of two qubit states that have a LHV model for
general measurements in the standard scenario, and which exhibit hidden nonlocality. Following
the connection between hidden nonlocality and the single-copy sequential scenario discussed in
section 4, one may do the following. Consider a sequential scenario where Bob performs a sequence
of two measurements. This can be realised in the broadcasting scenario of figure 3 by performing
the first measurement at the transformation device, but sending the outcome to Bob, who then
outputs this value (he has no input). The post-measurement state is then sent to Charlie. This
process is conceptually equivalent to a sequential measurement protocol, where Bob is simply used
to output the value of the first measurement. Consequently, results in the hidden nonlocality
scenario apply to the broadcasting scenario. Thus, the example of hidden nonlocality relative to
POVM measurements also implies an example in the broadcasting scenario. Nevertheless, it would
be interesting to find stronger examples that rely naturally on the structure of the broadcasting
scenario.
Our results also suggest the possibility of strengthening existing DI protocols. In particular,
since we have shown that DI entanglement certification of the isotropic state at significantly lower
visibilities that were previously known, one may hope that this could lead to higher levels of
noise tolerance of more complex protocols, such as DI quantum key distribution, DI randomness
extraction or self-testing. This warrants additional investigation since—although the state can
tolerate more noise—the broadcasting protocol involves additional transformation and measure-
ment devices which themselves will compound further noise to the experimental statistics, and the
isometry transformations we find may be difficult to implement in practice.
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8 Conclusion
In this work we have shown that there exists a simple scenario that allows one to reveal the non-
classicality of a large class of two-qubit mixed states. The non-classicality we study takes the
form of (i) a type of Bell nonlocality relative to no-signalling hidden variable models, that we
call broadcast nonlocality; and (ii) DI entanglement certification. In both cases we show that the
broadcasting scenario allows for examples of non-classicality that surpass what is known for all
previously studied scenarios that process a single copy of the state. Our work raises many questions
that we aim to answer in a future publication, and suggests further applications to DI protocols.
9 Acknowledgements
We would like to thank Marco Tu´lio Quintino, Pei-Sheng Lin, Cristian Boghiu, Marcus Huber,
Yeong-Cherng Liang and Gla´ucia Murta for valuable comments and discussions. FH acknowl-
edges funding from the Swiss National Fund (SNF) through the Early Postdoc Mobility fellowship
P2GEP2 181509. JB and DC acknowledges funding from the Spanish MINECO (Severo Ochoa
SEV-2015-0522), Fundacio Cellex and Mir-Puig, Generalitat de Catalunya (SGR 1381 and CERCA
Programme). JB acknowledges funding from the AXA Chair in Quantum Information Science. DC
acknowledges the Ramon y Cajal fellowship.
References
[1] J. S. Bell. On the Einstein-Poldolsky-Rosen paradox. Physics, 1(3):195–200, 1964.
[2] Nicolas Brunner, Daniel Cavalcanti, Stefano Pironio, Valerio Scarani, and Stephanie Wehner.
Bell nonlocality. Rev. Mod. Phys., 86:419–478, Apr 2014.
[3] Stuart J. Freedman and John F. Clauser. Experimental test of local hidden-variable theories.
Phys. Rev. Lett., 28:938–941, Apr 1972.
[4] Alain Aspect, Jean Dalibard, and Ge´rard Roger. Experimental test of bell’s inequalities using
time-varying analyzers. Phys. Rev. Lett., 49:1804–1807, Dec 1982.
[5] B. Hensen, H. Bernien, A. E. Dre´au, A. Reiserer, N. Kalb, M. S. Blok, J. Ruitenberg, R. F. L.
Vermeulen, R. N. Schouten, C. Abella´n, W. Amaya, V. Pruneri, M. W. Mitchell, M. Markham,
D. J. Twitchen, D. Elkouss, S. Wehner, T. H. Taminiau, and R. Hanson. Loophole-free bell
inequality violation using electron spins separated by 1.3 kilometres. Nature, 526(7575):682–
686, oct 2015.
[6] Carlos Abella´n, A Acin, A Alarco´n, O Alibart, CK Andersen, F Andreoli, A Beckert,
FA Beduini, A Bendersky, M Bentivegna, et al. Challenging local realism with human choices.
arXiv preprint arXiv:1805.04431, 2018.
[7] Dominik Rauch, Johannes Handsteiner, Armin Hochrainer, Jason Gallicchio, Andrew S Fried-
man, Calvin Leung, Bo Liu, Lukas Bulla, Sebastian Ecker, Fabian Steinlechner, et al. Cosmic
bell test using random measurement settings from high-redshift quasars. Physical review let-
ters, 121(8):080403, 2018.
[8] Nicolas Gisin. Bell’s inequality holds for all non-product states. Physics Letters A, 154(5-
6):201–202, 1991.
[9] Reinhard F. Werner. Quantum states with einstein-podolsky-rosen correlations admitting a
hidden-variable model. Phys. Rev. A, 40:4277–4281, Oct 1989.
19
[10] Jonathan Barrett. Nonsequential positive-operator-valued measurements on entangled mixed
states do not always violate a bell inequality. Physical Review A, 65(4), Mar 2002.
[11] R Augusiak, M Demianowicz, and A Ac´ın. Local hidden–variable models for entangled quan-
tum states. Journal of Physics A: Mathematical and Theoretical, 47(42):424002, Oct 2014.
[12] Joseph Bowles, Flavien Hirsch, Marco Tu´lio Quintino, and Nicolas Brunner. Sufficient crite-
rion for guaranteeing that a two-qubit state is unsteerable. Physical Review A, 93(2):022121,
2016.
[13] Flavien Hirsch, Marco Tu´lio Quintino, Tama´s Ve´rtesi, Matthew F Pusey, and Nicolas Brun-
ner. Algorithmic construction of local hidden variable models for entangled quantum states.
Physical review letters, 117(19):190402, 2016.
[14] Daniel Cavalcanti, Leonardo Guerini, Rafael Rabelo, and Paul Skrzypczyk. General method
for constructing local hidden variable models for entangled quantum states. Physical review
letters, 117(19):190401, 2016.
[15] Sania Jevtic, Michael JW Hall, Malcolm R Anderson, Marcin Zwierz, and Howard M Wise-
man. Einstein–podolsky–rosen steering and the steering ellipsoid. JOSA B, 32(4):A40–A49,
2015.
[16] Carlos Palazuelos. Superactivation of quantum nonlocality. Phys. Rev. Lett., 109:190401, Nov
2012.
[17] Sandu Popescu. Bell’s inequalities and density matrices: Revealing “hidden” nonlocality.
Physical Review Letters, 74(14):2619–2622, Apr 1995.
[18] Daniel Cavalcanti, Antonio Ac´ın, Nicolas Brunner, and Tama´s Ve´rtesi. All quantum states
useful for teleportation are nonlocal resources. Physical Review A, 87(4), Apr 2013.
[19] Aditi Sen(De), Ujjwal Sen, Cˇaslav Brukner, Vladimı´r Buzˇek, and Marek Z˙ukowski. Entan-
glement swapping of noisy states: A kind of superadditivity in nonclassicality. Phys. Rev. A,
72:042310, Oct 2005.
[20] Daniel Cavalcanti, Mafalda L Almeida, Valerio Scarani, and Antonio Acin. Quantum networks
reveal quantum nonlocality. Nature communications, 2(1):1–6, 2011.
[21] Flavien Hirsch, Marco Tu´lio Quintino, Joseph Bowles, and Nicolas Brunner. Genuine hidden
quantum nonlocality. Physical Review Letters, 111(16), Oct 2013.
[22] Rodrigo Gallego, Lars Erik Wu¨rflinger, Rafael Chaves, Antonio Ac´ın, and Miguel Navascue´s.
Nonlocality in sequential correlation scenarios. New Journal of Physics, 16(3):033037, Mar
2014.
[23] Joseph Bowles, Je´re´mie Francfort, Mathieu Fillettaz, Flavien Hirsch, and Nicolas Brunner.
Genuinely multipartite entangled quantum states with fully local hidden variable models and
hidden multipartite nonlocality. Physical review letters, 116(13):130401, 2016.
[24] Daniel Cavalcanti, Rafael Rabelo, and Valerio Scarani. Nonlocality tests enhanced by a third
observer. Physical review letters, 108(4):040402, 2012.
[25] Flavien Hirsch, Marco Tu´lio Quintino, Tama´s Ve´rtesi, Miguel Navascue´s, and Nicolas Brunner.
Better local hidden variable models for two-qubit werner states and an upper bound on the
grothendieck constantkg(3). Quantum, 1:3, Apr 2017.
[26] A Grothendieck. Re´sume´ de la the´orie me´trique des produits tensoriels topologiques. Bol.
Soc. Mat. Sa˜o Paulo, 8, 1953.
20
[27] Antonio Ac´ın, Nicolas Gisin, and Benjamin Toner. Grothendieck’s constant and local models
for noisy entangled quantum states. Physical Review A, 73(6), Jun 2006.
[28] Pe´ter Divia´nszky, Erika Bene, and Tama´s Ve´rtesi. Qutrit witness from the grothendieck
constant of order four. Physical Review A, 96(1), Jul 2017.
[29] Tassius Temistocles, Rafael Rabelo, and Marcelo Terra Cunha. Measurement compatibility
in bell nonlocality tests. Physical Review A, 99(4), Apr 2019.
[30] Jean-Daniel Bancal, Jonathan Barrett, Nicolas Gisin, and Stefano Pironio. Definitions of
multipartite nonlocality. Physical Review A, 88(1):014102, 2013.
[31] Mafalda L Almeida, Stefano Pironio, Jonathan Barrett, Ge´za To´th, and Antonio Ac´ın.
Noise robustness of the nonlocality of entangled quantum states. Physical review letters,
99(4):040403, 2007.
[32] Remigiusz Augusiak, Maciej Demianowicz, and Antonio Ac´ın. Local hidden–variable mod-
els for entangled quantum states. Journal of Physics A: Mathematical and Theoretical,
47(42):424002, 2014.
[33] N. Gisin. Hidden quantum nonlocality revealed by local filters. Physics Letters A, 210(3):151
– 156, 1996.
[34] Andre´s Felipe Ducuara, Javier Madron˜ero, and John Henry Reina. On the activation of
quantum nonlocality. Universitas Scientiarum, 21(2):129, May 2016.
[35] Lucas Tendick, Hermann Kampermann, and Dagmar Bruß. Activation of nonlocality in bound
entanglement. Physical Review Letters, 124(5), Feb 2020.
[36] Yang Wang, Jian Li, Xiao-Run Wang, Tong-Jun Liu, and Qin Wang. Experimental demon-
stration of hidden nonlocality with local filters. Opt. Express, 28(9):13638–13649, Apr 2020.
[37] Tanumoy Pramanik, Young-Wook Cho, Sang-Wook Han, Sang-Yun Lee, Yong-Su Kim, and
Sung Moon. Revealing hidden quantum steerability using local filtering operations. Physical
Review A, 99(3), Mar 2019.
[38] Flavien Hirsch, Marco Tu´lio Quintino, Joseph Bowles, Tama´s Ve´rtesi, and Nicolas Brunner.
Entanglement without hidden nonlocality. New Journal of Physics, 18(11):113019, Nov 2016.
[39] Asher Peres. Collective tests for quantum nonlocality. Phys. Rev. A, 54:2685–2689, Oct 1996.
[40] Llu´ıs Masanes. Asymptotic violation of bell inequalities and distillability. Phys. Rev. Lett.,
97:050503, Aug 2006.
[41] Miguel Navascue´s and Tama´s Ve´rtesi. Activation of nonlocal quantum resources. Phys. Rev.
Lett., 106:060403, Feb 2011.
[42] Jean-Daniel Bancal. Device-independent witnesses of genuine multipartite entanglement. In
On the Device-Independent Approach to Quantum Physics, pages 73–80. Springer, 2014.
[43] Flavio Baccari, Daniel Cavalcanti, Peter Wittek, and Antonio Ac´ın. Efficient device-
independent entanglement detection for multipartite systems. Physical Review X, 7(2):021042,
2017.
[44] Julio T Barreiro, Jean-Daniel Bancal, Philipp Schindler, Daniel Nigg, Markus Hennrich,
Thomas Monz, Nicolas Gisin, and Rainer Blatt. Demonstration of genuine multipartite en-
tanglement with device-independent witnesses. Nature Physics, 9(9):559–562, 2013.
21
[45] Tobias Moroder, Jean-Daniel Bancal, Yeong-Cherng Liang, Martin Hofmann, and Otfried
Gu¨hne. Device-independent entanglement quantification and related applications. Physical
Review Letters, 111(3), Jul 2013.
[46] Joseph Bowles, Ivan Sˇupic´, Daniel Cavalcanti, and Antonio Ac´ın. Device-independent entan-
glement certification of all entangled states. Physical Review Letters, 121(18), Oct 2018.
[47] Jonathan Barrett, Noah Linden, Serge Massar, Stefano Pironio, Sandu Popescu, and David
Roberts. Nonlocal correlations as an information-theoretic resource. Physical Review A,
71(2):022101, 2005.
[48] AV Belinski˘ı and David Nikolaevich Klyshko. Interference of light and bell’s theorem. Physics-
Uspekhi, 36(8):653, 1993.
[49] Nicolas Gisin and Helle Bechmann-Pasquinucci. Bell inequality, bell states and maximally
entangled states for n qubits. Physics Letters A, 246(1-2):1–6, 1998.
[50] Yeong-Cherng Liang, Denis Rosset, Jean-Daniel Bancal, Gilles Pu¨tz, Tomer Jack Barnea, and
Nicolas Gisin. Family of bell-like inequalities as device-independent witnesses for entanglement
depth. Phys. Rev. Lett., 114:190401, May 2015.
[51] Koji Nagata, Masato Koashi, and Nobuyuki Imoto. Configuration of separability and tests
for multipartite entanglement in bell-type experiments. Physical review letters, 89(26):260401,
2002.
[52] Miguel Navascue´s, Stefano Pironio, and Antonio Ac´ın. A convergent hierarchy of semidef-
inite programs characterizing the set of quantum correlations. New Journal of Physics,
10(7):073013, 2008.
[53] Yeong-Cherng Liang, Florian John Curchod, Joseph Bowles, and Nicolas Gisin. Anonymous
quantum nonlocality. Physical review letters, 113(13):130401, 2014.
[54] Florian John Curchod, Nicolas Gisin, and Yeong-Cherng Liang. Quantifying multipartite
nonlocality via the size of the resource. Physical Review A, 91(1):012121, 2015.
[55] Rafael Chaves, Daniel Cavalcanti, and Leandro Aolita. Causal hierarchy of multipartite Bell
nonlocality. Quantum, 1:23, August 2017.
[56] Lieven Vandenberghe and Stephen Boyd. Semidefinite programming. SIAM Review, 38(1):49–
95, March 1996.
[57] Man-Duen Choi. Completely positive linear maps on complex matrices. Linear Algebra and
its Applications, 10(3):285–290, Jun 1975.
22
Appendix A Linear optimisation of visibilities
Here we consider calculating the robustness to noise to the set LNS for behaviours generated
via family of states with a linear parameter, with fixed local measurements and channels(s). For
example, consider the family of states
ρv = vρent + (1− v)ρnoise (69)
with 0 ≤ v ≤ 1, and where ρent is an entangled bipartite state, while ρnoise is a separable state (for
example, the isotropic state (13)). Fix a channel ΩB0→BC and local measurements Aa|x, Bb|y, Cc|z.
The behaviour is thus given by
pv(abc|xyz) = Tr(Aa|x ⊗Bb|y ⊗ Cc|z 1⊗ ΩB0→BC(ρv))
= v pent(abc|xyz) + (1− v)pnoise(abc|xyz), (70)
where
pent(abc|xyz) = Tr(Aa|x ⊗Bb|y ⊗ Cc|z 1⊗ ΩB0→BC(ρent)) (71)
and similarly for pnoise. Since pv(abc|xyz) is linear with respect to v, one can find the exact value
v∗ for which the behaviour becomes nonlocal using the following linear program (using (60)):
maximise v such that (72)
v pent(abc|xyz) + (1− v)pnoise(abc|xyz) =
∑
i,j
pij DA(a|x, i) EBC(bc|yz, j) ∀a, b, c, x, y, z.
pi,j ≥ 0
As before, the optimal dual variables to the probability constraints provide an Bell-type inequality
that is violated by pv(abc|xyz) for v > v∗.
Appendix B Heuristic optimisation of visibility
Here we detail the algorithm used for the heuristic minimisation of state visibility. Consider again
a one-parameter family of state (69). We want to find the lowest visibility v such that the state is
nonlocal (in some scenario), that is, the general task is
minimise v (73)
s.t. ρv = vρent + (1− v)ρnoise is nonlocal.
In order to show that the state is nonlocal in the standard Bell scenario one needs to violate a
Bell inequality, i.e., one needs measurements {Aa|x} and {Bb|y} such that behaviour p(ab|xy) =
Tr(Aa|x ⊗Bb|y ρ) violates a Bell inequality. In the broadcasting scenario of e.g. figure 3 one needs
to find a map ΩB0→BC , and measurements {Aa|x}, {Bb|y} and {Cc|z} such that behaviour
p(abc|xyz) = Tr(Aa|x ⊗Bb|y ⊗ Cc|z 1⊗ ΩB0→BC(ρv)) (74)
violates an inequality tailored to the broadcasting scenario (for example inequality (27)). Below,
we show how to optimise the quantum value of such inequalities.
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B.1 Seesaw procedure for maximising inequality violation
Let us fix a inequality in the broadcasting scenario, for instance with three parties as in figure 3
(where we have renamed the input/output labels):
∑
a1a2a3x1x2x3
Ix1x2x3a1a2a3 p(a1a2a3|x1x2x3) ≤ L (75)
where the local bound L depends on the underlying model one wants to rule out (i.e. the scenarios
of sections 4 or 5). For a fixed strategy the quantum value is given by
∑
a1a2a3x1x2x3
Ix1x2x3a1a2a3 Tr(M (1)a1|x1 ⊗M
(2)
a2|x2 ⊗M
(3)
a3|x3 1⊗ ΩB(ρAB)) (76)
Below we propose an algorithm to optimise the quantum violation over local measurements and
map(s), for a fixed inequality and state ρAB .
Seesaw for optimising inequality violation for fixed state
Assume one want to maximise the violation of a general inequality Ix1x2···xna1a2···an (in a general broad-
casting scenario) for a fixed state ρAB and (for now) fixed channels ΩA/B , and sets of measurements
M
(1)
a1|x1 , M
(2)
a2|x2 , ... M
(n)
an|xn . One can do the following.
1. Fix randomly all sets of measurements
2. Set k=1
3. Optimise the inequality with respect to set of measurements M
(k)
ak|xk , update variables M
(k)
ak|xk
accordingly
4. Repeat point 3 for k = 2...n
5. Repeat point 2 - 4 until two successive values of the inequality are equal up to some small
precision .
The key point is to notice that point 3 corresponds to optimising a linear function, with SDP
constraints (namely Mak|xk ≥ 0 and
∑
aMak|xk = 1∀xk), that is, it can be framed as a semi-
definite program, for which there exist efficient algorithms [56].
One also needs to optimise over the channel(s). This can be done via the Choi-Jamiolkowski
isomorphism [57]. Taking the case of figure 3 of section 4 as a concrete example, for the map
ΩB0→BC one has
ΩB0→BC(σB0) = Tr1(ρΩ(σ
T
B0 ⊗ 1BC)) (77)
where σB0 is some operator acting on HB0 , and |Φ+〉 is the maximally entangled state of local
dimension d = dim(HB0) so that ρΩB0→BC = d ·1⊗Ω[|Φ+〉〈Φ+|] is the Choi state of map ΩB0→BC .
The Choi state thus satisfies ρΩ ≥ 0 and TrBC(ρΩ) = 1B0 . That is, variable ρΩ can be treated as
a SDP variable. Furthermore, the reverse is true: any operator satisfying the SDP conditions is
the Choi state of some channel. The probabilities can thus be written
p(abc|xyz) = Tr((Aa|x ⊗ 1B0 ⊗Bb|y ⊗ Cc|z) (1A ⊗ ρΩ)(ρAB0 ⊗ 1BC)) (78)
This expression is linear in the Choi state, which means for fixed state and measurements, the
inequality can be maximised over all quantum channels of the given dimension. A similar procedure
allows the same to be done for Alice’s channel (if she has one). Combining this with the above
method to optimise the measurements, one can ‘see-saw’ between the two until convergence has
been reached, which in practice performs well for simple scenarios.
24
B.2 Global heuristic procedure
Relying on the previous section and on a seesaw procedure described in Appendix B.1, we describe
here a global heuristic procedure to minimise the critical visibility of a fixed family of states.
1. Set random measurements {Mai|xi} and channels ΩA, ΩB
2. Compute v∗ (using the linear program (72))
3. Repeat step 1-2 until v∗ < 1, and keep the corresponding inequality I
4. Set k=0
5. Optimise the violation of I0 for state ρv∗ (using seesaw from B.1 )
6. Compute new v∗ using optimal measurements and map found in 5 (using linear program
(72)), and keep corresponding inequality I(k+1)
7. Set k = k + 1
8. Repeat steps 5-7 until two successive v∗ are equal up to some small precision.
Using this procedure in the symmetric case described in 4.2, with the two-qubit isotropic state
and using 3 inputs for parties A and C, 2 for B and D, and 2 outputs for each, we found a violation
for α ' 0.557, showing that activation for values of α lower than 1√3 is indeed possible in the
broadcasting scenario.
In this example the two local channels applied to the state are identical and are again given
by (35), while the local measurements as well as the optimal inequality are given as auxiliary files.
We suspect that even stronger examples could be found with further investigation, and it is still
unknown whether activation in the entire range of entanglement is possible.
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